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Linear Algebra Examples c-4 Introduction

Introduction

Here we collect all tables of contents of all the books on mathematics | have written so far for the publisher.
In the rst list the topics are grouped according to their headlines, so the reader quickly can get an idea of
where to search for a given topic.In order not to make the titles too long | have in the numbering added

a for a compendium
b for practical solution procedures (standard methods etc.)
¢ for examples.

The ideal situation would of course be that all major topics were supplied with all three forms of books, but
this would be too much for a single man to write within a limited time.

After the rst short review follows a more detailed review of the contents of each book. Only Linear Algebra
has been supplied with a short index. The plan in the future is also to make indices of every other book as
well, possibly supplied by an index of all books. This cannot be done for obvious reasons during the rst
couple of years, because this work is very big, indeed.

It is my hope that the present list can help the reader to navigate through this rather big collection of books.

Finally, since this list from time to time will be updated, one should always check when this introduction has
been signed. If a mathematical topic is not on this list, it still could be published, so the reader should also
check for possible new books, which have not been included in this list yet.

Unfortunately errors cannot be avoided in a rst edition of a work of this type. However, the author has tried
to put them on a minimum, hoping that the reader will meet with sympathy the errors which do occur in the
text.

Leif Mejlbro
5th October 2008
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Linear Algebra Examples c-4 1. Conic sections

1 Conic sections

Example 1.1 Find the type and the position of the conic section, which is given by the equation

22 4 9% + 22 — 4y — 20 = 0.

FIrsT STEP. Elimination of the terms of first degree:
0 = 22 4+22+(1-1)+y*—dy+(4—4)—20
= (z+1)2+ (y—2)? - 25.

SECOND STEP. Rearrangement:
(x+ 1)+ (y — 2)? = 25 = 5°.

The conic section is a circle of centrum (—1,2) and radius 5.

Example 1.2 Find the type and position of the conic section, which is given by the equation

y?—6y —4x+5=0.

We get by a small rearrangement,
v —6y+9=(y—3)=4r—-5+9=4(z+1).

The conic section is a parabola of vertex (—1,3), of horizontal axis of symmetry and p = 4, and with
the focus

(Io + g,yo) = (0,3).

Example 1.3 Find the type and position of the conic section, which is given by the equation

32% —4y® + 122+ 8y —4 = 0.

We first collect all the x and all the y separately:
0 = 3224+ 122—4y> +8y—4
= 3@ +4dz+4-4)—-4@y*-2+1)
= 3(x+2)?—-12—4(y— 1)

Then by a rearrangement and by norming,

2 2
1 1 x+2 y—1
1=- 22— —(y—12= - = .
1
The conic section is an hyperbola of centrum (—2,1) and the half axes of the lengths a = 3 and

1
b= —.
V3
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Example 1.4 Find the type and position of the conic section, which is given by the equation

2?4+ 5y + 22 — 20y + 25 = 0.

It follows by a rearrangement,

0 = 22422+ (1—-1)+5(y° —4y+4—-4)+25
= (x+1)?+5(y—2)7+4

This conic section is the empty set, because the right hand side is > 4 for every (x,y) € R

Example 1.5 Find the type and position of the conic section, which is given by the equation

22% + 3y? — 4o + 12y — 20 = 0.

It follows by a rearrangement that

0 = 2(@*—22+1-1)+3(*+4y+4—4)—20
2(z — 1) =2+ 3(y +2)* — 12 — 20.

www.job.oticon.dk
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1. Conic sections

Then by another rearrangement,

2(x —1)* +3(y +2)* = 34,

hence by norming

(:v1>2+ y+2
1 /
V17 81

=1

This conic section is an ellipse of centrum (1, —2) and half axes

a=V17 and

34
b=1/—.
3

Remark 1.1 This example clearly stems from the first half of the twentieth century. Apparently,
a long time ago someone has made an error when copying the text, because the slightly changed
formulation

222 4+ 3y* —dx + 12y —22 =0

would produce nicer results in the style of the past. No one has ever since made this correction. ¢

Example 1.6 Prove that there is precisely one conic secion which goes through the following five

points

1. (4,0), (0,0), (4,2), <1;3,§), <

2. (4,0), (0,0), (4,2), <136§) (

Find the equation of the conic section and determine ils type.

4
3’
4 2
3’3

The general equation of a conic section is

)
)

Az? + By? + 2Cxy +2Dx +2Ey + F = 0,

where A, ..., F are the six unknown constants. Then by insertion,
16A + 8D + F = 0,
F = 0,
164 + 4B + 16C  + 8D + 4F F = 0,
2 2
16 4 16 4 32 8
— ] A -] B 2 — = — D -F F =
(5) o (w2 de s 2p .
4 2 16 8 4
-] A -] B —C -D - F F =0
3504+ (3) 2= 90+ b s lp oo ,
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Linear Algebra Examples c-4 1. Conic sections

where F is used with the upper sign corresponding to 1), and the lower sign corresponds to 2).
It follows immediately that F' = 0 and D = —2A, hence the equations are reduced to

4B 4+ 16C + 4E = 0,
{162 -192}4 + 16B + 128C + 24E = O,
{16-3-16}4 + 4B F 16C F 12E

I
o

and whence

B + 4C + FE = 0,
8A + 2B + 16C + 3E = 0,
-84 + B F 4C F 3E = 0.

1. In this case we get the equations F' =0, D = —2A4 and

B + 4C + E = 0,
84 + 2B + 16C + 3E = 0,
84 + B - 4C - 3E = 0,

thus in particular,

B + 4C + E = 0,
3B + 12C = 0,

and hence F =0 and B = —4C. Then by insertion,
1 1
A= §(B —4C - 3F) = g(—4C—4C) =—C and D=-24A=2C.

If we choose A = 1, then we get C = —1, B=4, D = -2, E =0, F' = 0, and the equation
becomes

2?4 4y? — 2zy — 4x = 0.

This is then written in the form

(my)(_} _i>(z)+2(—20)<§>:0 WhereAz(_i j).

Since

1-x -1

det(A—/\I):’ 14—

‘:()\—1)()\—4)—1:/\2—5)\—1—3
has the roots

) 125 )
)\_Ei Z—B—§:I:\/13,

where both roots are positive, the conic section is an ellipse.

2. In this case we get the equations F' =0, D = —2A and

B + 4C + E = 0,
8A + 2B + 16C + 3E = 0,
84 + B + 4C + 3E = 0,
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thus in particular,

B 4+ 4C + E = 0,
3B + 200 + G6E

|
o

and hence 8C + 3E = 0. If we choose E' = 8, then C' = —3 and
B=-4C—-FE =4
and
1 1
A= g(B+4C+3E) = 5(4—12+24) =2,
and D = —4 and F = 0.

The conic section has the equation
222 + 4y — 62y — 8x + 16y = 0.

The corresponding matrix is

(6)-(2 )

where

2—-X =3

det(A—)\I):‘ s 42

‘:(/\—2)(/\—4)—9:>\2—6/\—1.

The roots of the characteristic polynomial are A = 3 + 1/10, of which one is positive and the
other one negative. We therefore conclude that the conic section i this case is an hyperbola.

Example 1.7 Given in an ordinary rectangular coordinate system in the plane the points A : (2,0),
B : (—2,0) and C : (0,4). Prove that there exists precisely one ellipse, which goes through the midpoints
of the edges of triangle ABC', and in these points has the edges of the triangle as tangents.

It follows by a geometric analysis that the three midpoints are

(0,0),  [horizontal tangent]
(_L 2)v [SIOpe 2]
(1,2),  [slope -2].

We conclude from the symmetry that the half axes must be parallel to the coordinate axes for any
possible ellipse which is a solution. Hence, the equation of the ellipse must necessarily be of the form

Az? + By? + 2Dz +2Ey + F =0

without the product term 2Czy. Since we also have symmetry with respect to the y-axis, we must
have D = 0, hence a possible equation must be of the structure

Az? + By? + 2By + F = 0.

Download free books at BookBooN.com
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Furthermore, the ellipse goes through (0,0), so F' = 0.
Thus we have reduced the equation to

az® 4 (y — b)* = v?
with some new constants a, b.
If (z,y) = (£1,2), then we get by insertion,

a+(2-b)2 =10 thus a—4b+4=0.

If y > b, then the ellipse is the graph of

y=0b+ b2 — az?,

thus
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hence

4% — da = a?, and 20 =-+2,

a
2
and

2
4b2:a2+4a:%+2a+4,

and we have % a’® 4+ 2a — 4 = 0, or put in another way

8 16

3a® 4+ 8a — 16 = 0, thus a2+§af§:0.
From a > 0 follows that
_ 4 1616 _ 4 8 4
‘=73 9 "3 737373
Then
a 4
b=1+-=—
+4 3’

and the equation of the ellipse becomes

LT AR AL
3 Y73) =\3)

er put in a normed form,

2

() + () -

Example 1.8 Given in an ordinary rectangular coordinate system in the plane a conic section by the
equation

922 + 16y — 24xy — 40z — 30y + 250 = 0.

Find the type of the conic section, and show on a figure the position of the conic section with respect
to the given coordinate system.

Here, A=9, B=16, C = —12, D = —20, E = —15 and F' = 250, so it follows from a well-known
formula that we can rewrite the equation in the form

(z y)< _12 _12 >(Z)+2(—20 —15)<z>+250=0.

The matrix

9 —12
A‘<—12 16)

Download free books at BookBooN.com
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has the characteristic polynomial
det(A — AXI) = (A — 9)(\ — 16) — 144 = \? — 25\ = \(\ — 25),
so the eigenvalues are A\; = 0 and Ay = 25.

If A\; = 0, then

9 —12 3 —4
AA11—<—12 IG)N(O 0>’

hence an eigenvector is e.g. vi = (4,3). Then by norming,

1
1=

- (4.9).

q

If Ao = 25, then

~-16 —12 4 3
A_A21_<—12 -9 )N(o 0)’

hence an eigenvector is e.g. vo = (=3,4). Then by norming,

1
qQ = 3(—374)-

We have now constructed the orthogonal substitution

174 -3 T\ _ Ty -1_ T
a-l(1 ), ()=a(n). at-a

hence by insertion,

0 = (n yl)(g 205)(2)%(—20 —15);(;1 _Z>(Z>+250

4 -3
= 252 +2(—4 3)<3 4)(2)”50

T

= 25y7 +2(—25 0) <
W

) + 250
= 25{y? — 2z, + 10}.

This equation is reduced to the parabola

1 1
x, = 3 y% + 5, possibly T1— 9= B 9%7

in the new coordinate system of vertex (z1,y1) = (5,0) and the z;-axis as its axis.
The transformation formulae are

ngﬂfl—;yh 171:%
y:gfcl‘ngh Y1 = —

Download free books at BookBooN.com
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Linear Algebra Examples c-4 1. Conic sections

hence the vertex (x1,y1) = (5,0) corresponds to (x,y) = (4, 3), and the x1-axis corresponds to y; = 0,

i.e. to the axis y = i

Example 1.9 Describe for every a the type of the conic section

(a+3)x? +8zy + (a — 3)y* + 102 — 20y — 45 = 0.

It follows by identification that
A:CL+37 B:CL*S, 0:47 D:5, E:*IO, F = —45.

We first consider the matrix
[ a+3 4
A= < 4 a—3 ) ‘

The characteristic polynomial is

A) 43 4

det(A)\I)—‘(a_4 (-3 3

=(@a—XN*-9-16=(\—a)? — 25,

hence the eigenvalues are A = a £+ 5.

If |a] < 5, then the roots have different signs, so we get hyperbolas or straight lines in this case.
If |a| = 5, we get parabolas, a straight line or the empty set.

If |a] > 0, then we get ellipses, a point or the empty set.

If A\=a+ 5, then

9 4 12
A_AI:< 4 —8>N( 0 o)’

thus an eigenvector is e.g. (2,1) of length /5.
If A\=a — 5, then

8 4 2 1
A_AI_<4 2)”(0 0)’

hence an eigenvector is e.g. (—1,2), of length /5.

The corresponding substitution is

()=a(i) wr e=(15)

It follows from

()= ) () =5 ()

Download free books at BookBooN.com
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that

10
102 — 20y = —= (221 — y1 — 221 — 4u1) = —10V5y,

V5

and the equation of the conic section is transformed into
(1) (a+5)z?+ (a—5)y? —10V5y; — 45 = 0.
If @ = 5, this is reduced to 1027 — 10v/5y; — 45 = 0, i.e. to

_ 1 2 95
yli\/g 1 107

which is the equation of a parabola .

a=2>,

If « = —5, then (1) is reduced to

—10y? — 10v/5y; — 45 =0,

thus to
2
9 V5 9 5 V5 13
_ .2 2 _ Vo v 2 Vo il
O=yi+Vou+g=|m+o | +5-3=|n+3] +
which has no solution, so we get the empty set for a = —5.
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If |a| < 5, then (1.9) becomes

+

55 45
(a+5)x%—(5—a){y%+2~5_a 5—a}:0'

If the expression in {---} can be written as a square, we obtain two straight lines. Hence the require-
ments are —5 < a < 5 and

2
45 {5\/5}_ 125 125 25

= dvs. —a=—=—
R Fa Vs 5—a ,

(5—a)?’ 45 9
from which
25 20

—5-22 =" ¢]-5,5]
a o =9 €53

20
For this a = 9 the conic section is degenerated into two straight lines.

2
Ifae]—5,5and a # EO, then the conic section is an hyperbola.

If a > 5, it follows from (1) that

5v/5 125 125

5)z2 —5) <y —2- = 45

(CL+ )‘r1+(a ){yl a_5y1+(a_5)2} a_5+ )
hence
5v/5 ’ 125
2
—_ _——_— = 4

(a+5)xi + (a 5)<y1 a5> st 5> 0,

which describes an ellipse.
If a < =5, then it follows form (1) by a change of sign that
(—a —5)22 + (5 — a)y? + 10vV/5y; + 45 = 0,
where —a =5 > 0. We now have to have a closer look on the latter three terms. We see that

(5—a)y? +10v5y; + 45

5v/5 45
=(5— 2.9, 7
( a){lh"‘ 5ay1+5a}
2
5V/5 125
=(5— — 45.
( a){y1+5_a} 5—a+
Then notice that if a < —5, then 5 — a > 10, hence
125 125 25
45 — 45 — — =45 — — .
5 5_a> 5 0 5 2>O

Download free books at BookBooN.com
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Thus, the equation of the conic section is a sum of three nonnegative terms, of which at least one is
positive. Therefore, it can never be 0. We conclude that we do not have any solution, hence the set
of solutions is empty in this case.

Summing up we get

a < =5, no solution,

—h<a<h,

- @7 hyperbola ,

9
20 . .

a 9 two straight lines,
a=2>5, parabola
a > 5, ellipse.

Example 1.10 Given the matriz

- (5%)

Find a diagonal matriz A and a proper orthogonal matriz Q, such that A = Q 'AQ.
Sketch the curve in an ordinary rectangular coordinate system in the plane of the equation

522 + Ty? +2V3xy = 1.

First find the characteristic polynomial
det(A—AI) = (A=5)(A=7) =3 =22 —120 +32 = (A —4)(A - 8).
The eigenvalues are A\ = 4 and Ao = 8. If A\ = 4, then
(1 V3 1 V3
s () (%)

hence an eigenvector is e.g. vi = (v/3,1) of length 2. The corresponding normed vector is then

q1 = %(\/i 1)

If Ay =8, then

s (3 4)-(8 %)

hence an eigenvector is e.g. vo = (—1, \/§) of length 2. The corresponding normed vector is

q2 = %(_1’ \/g)

Download free books at BookBooN.com
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We obtain the orthogonal matrix
1/ V3 -1 . 4 0
Q—é( 1 \/§>7 svarende til A—(O 8)'

Finally, we get

1 = 522+ 72 +2V3ay = (z y)A( z )
~ (@ yQAQ! ( y ) ~ y1>A< o )
where

423 + 8y =1

is the equation of an ellipse.

Example 1.11 Given in ordinary rectangular coordinates in the plane a conic section by the equation

42% + 112 4 24xy + 40z — 30y — 105 = 0.

Describe the type and the position of the conic section.

24
From A=4, B=11and C' = 5 = 12 we get the matrix

A C 4 12
AZ(O B>:(12 11)

of the characteristic polynomial

det(A —AI) = (A—4)(\—11) — 144 = X\? — 15\ — 100
15 225 225
2
= — - —_— _— — — 1
A —2 > A+ 1 1 00
2 2
15 25
= A——1] = =) =(A=200(A+5
( 5 ) ( 5 ) ( J(A+5)
thus the eigenvalues are Ay = —5 and Ay = 20.

If A\ = =5, then

9 12 3 4
A_M_(lz 16)N<0 0)'
A normed eigenvector is

1
q = 5(47 -3).

)

18
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If Ay = 20, then

~16 12 —4 3
A_AQI( 12 —9>N< 0 0)’

thus a normed eigenvector is

1
q2:g(3a4)
Then
1 4 3 x T
Q_5<_3 4>, hvor (y)—Q(yl)»
hence
= - =—-(4 3y1,—3 4
(5)=2( 2 2[5 )= L womom e
We get

40x — 30y = 8{4x1 + 3y1 } — 6 {—3x1 + 4y1} = 5021,
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thus by the transformation, the equation is transferred into
—527 + 2093 + 5021 — 105 = 0,

hence
0 =% — 10x; — 4dyi + 21 = (1 — 5)* + 4yi — 4,

and we get an equation of an ellipse

2
-5
(x1 —5)2 +4y? =4, ie. ($12 >+yf:1.

The centrum is (z1,y1) = (5,0), corresponding to (z,y) = (4, —3). The half axes are a = 2 and b = 1.

It follows from

(Z>:QT<§>:;<§ _i)<§>:é(4$—3%3$+4y),

that the first half axis lies on y; = 0, i.e. on the line 3z + 4y = 0, and the second half axis lies on

x1 =0, i.e. on the line y = 3 T.
Example 1.12 Given in an ordinary rectangular coordinate system in the plane a curve by the equa-
tion

5222 4 73y* — 722y — 200z — 150y + 525 = 0.

Describe the type and position of the curve, and find the parametric description of possible axes of
symmetry.

It follows by identification that A =52, B = 73 and C' = —36, hence

52 —36
A= ( -36 73 )

and the characteristic polynomial is

det(A —AI) = (\—52)(\—T73)— 362
= AN — 1250 +52-73 —36% = \? — 125\ + 2500

_ (1257 5625 () 125)°  (75\°
n 2 4 2 2
= (A—25)(A —100).

The eigenvalues are A\; = 25 and Ay = 100.

If Ay = 25, then

27 36 3 —4
A_All_(—36 48>N(0 0)'

Download free books at BookBooN.com
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A normed eigenvector is

1
q = 3(4,3)~

If Ay = 100, then

—48 36 4
A_)‘QI_<—36 —27)“(0

A normed eigenvector is

1

q2 = g(*374)~

o W
N—

The orthogonal transformation is

T T 1/4 -3
(3)=e(h) m a=5(5 )

1/4 -3 1
(5)=4(5 ) () -en-smane o

—200z — 150y

hence

and

—40(4x1 — 3y1) — 30(3z1 + 4y1)
—160x1 4+ 120y1 — 90x; — 120y, = —250x; .
By this substitution the equation is transferred into
2522 + 100y? — 2501 + 525 = 0,
which we reduce to
0=2a? — 10z, +4y? +21 = (1 — 5)% + 4y} — 4,

i.e. to the equation of an ellipse

2
331—5
( 5 >+yf:1,

of centrum at (x1,y1) = (5,0) and half axes a; = 2 (along the z1-axis) and by = 1 (along the y;-axis).

It follows that the centrum is (x,y) = (4,3) in the original coordinate system.
Since

v\ _ 1 4 3 v\ _ 1/ dv+3y
yi J 5\ -3 4 y ) 5\ —3r+dy )’
3
the direction of the z;-axis is given by y; = 0, i.e. by the line y = 1 x, and the direction of the y;-axis

is given by 1 = 0, i.e. by the line y = —3 %
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Example 1.13 Given in an ordinary rectangular coordinate system in the plane a point set M by the

equation
M : 422 4+ 11y% + 242y — 100y — 120 = 0.
1. Prove that M is an hyperbola.

2. Find the coordinates of the centrum of M in

1. Here, A=4, B=11 and C = 12, thus

a=( ).

The characteristic polynomial
4— A 12

B ‘ 12 11—\
A2 — 15\ — 100 = (A

4 12
12 11

det(A — \I)

has the roots Ay = —5 and Ay = 20.

)~ (6

If A\ = —5, then

9 12

4
A_A112<12 16 0

)

so a normed eigenvector is

1
qir = 5(47 _3)

If Ay = 20, then analogously

1
q2 = 5(374)7

and the transformation is given by

1 4 3
Q_5<—3 4)
where
(0)=5(s )00 )=
y ) 5\ -3 4 (T

In particular, the linear term is

the given coordinate system.

A2 — 15\ +44 — 144

+5)(\ — 20)

(4x1 + 3y1, —3x1 + 4y1) .

—100y = —20(—3z1 + 4y1) = 60x1 — 80y,

22
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hence the equation of M is in the new coordinate system given by

—522 4 202 + 602, — 80y, — 120 = 0,
which is reduced to

0 = a2 —4y? — 12z + 16y, + 24

= {af — 122, +36} =36 —4{y] — 4y, +4—4} +24

= (21-6)" —4(y —2)" +4.

Then by a rearrangement and norming,

- (x1;6>2+(y1 —9)2=1.

in the old coordinate system.

. The conic section is an hyperbola of centrum (z1,y1) = (6,2), corresponding to (x,y) = (6, —2)

The half axes are a = 2 along the z-axis, i.e. the line 3x + 4y = 0 in the old coordinate system,
and b =1 along the y;-axis, i.e. parallel to the line 4z — 3y = 0.
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NNE Pharmaplan, the world’s leading engineering newcomer and make it clear to your colleagues what
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2 Conical surfaces

Example 2.1 Find the type and position of the conical surface of the equation

169% — 922 + 42% — 362 — 64y — 242 = 80.

We have no product term, so the axes are parallel to the coordinate axes. We get by a rearrangement

0

—92% — 36x + 16y° — 64y + 422 — 242 — 80

—9{2? —dx+4—4} +16{y? — 4y +4 — 4} + 4{z*

—62+9—9}—80

—9(x —2)2 +16(y — 2)* +4(z — 3)* + 36 — 64 — 36 — 80

—9(x —2)2 +16(y — 2)* + 4(z — 3)* — 122,

thus by a rearrangement and norming

(

z—2\° y722 z—3\?
=1.
o) (5) (%)

This describes an hyperboloid of one 1 sheet and centrum (2,2,3) and half axes a =4, b= 3, ¢ = 6.

Example 2.2 Find the type and position of the conical surface of the equation

222 — % — 32% — 8x — 6y + 24z — 49 = 0.

We get by a rearrangement

0

thus

2(2? —da +4—4) — (Y + 6y +9—9) — 3(2% — 82+ 16 — 16) — 49

20 —2)? —(y+3)2 —3(2 —4)? —8+9+48 — 49
2(z —2)* = (y+3)% — 3(2 — 4)%,

(=27 = Ly +3) + 2(: ~ 47,

This equation describes a second order cone of centrum (2, —3,4).

Example 2.3 Find the type and position of the conical surface of equation

4y? — 322 — 622 — 16y — 62 + 362 — 77 = 0.

It follows by a rearrangement that

0

—32% — 62 + 4y* — 16y — 622 + 362 — 77

—3{z® +2r+1 -1} +4{y* —dy+4—4} —6{z* —62+9 -9} - 77

3+ 1) +4(y—2)2-6(z—3)3+3-4+54—
—3(z+ 1) +4(y —2)* — 6(2 — 3)* — 24,

7
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hence

B (a:+1>2+ (y—2)2_ <z—3)2:1.
2V2 V6 2
This equation describes an hyperboloid of 2 sheets and half axes a = 2v/2, b = V6, ¢ = 2.

Example 2.4 Find the type and position of the conical surface of the equation

322 + 5y? — 2z + 10y — 122 4+ 21 = 0.

By a rearrangement,

0 = 5y +2y+1—1)+3(2%>—4dz+4—4)—22+21
= 5(y+1)2+3(z—2)*—22-5-12+21
5(y 4+ 1)% +3(2 — 2)% — 2(z — 2),

i.e.
5 3
—2="C 1)? 4 S(2 —2)?
r W1+ 5z -2)%

which describes an elliptic paraboloid of vertex (2,—1,2).

Example 2.5 Find the type and position of the conical surface of the equation

Ty? + 2% — 2z — 56y + 113 = 0.

We get by a rearrangement

0 = 222+ 11+7{y* -8y +16— 16} + 113
(-1 +7(@y—4)*-1-112+113
= (-1 +7@y—-4)>~%

The only solution is the point (1,4).
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3 Rectilinear generators
Example 3.1 Find the two systems of rectilinear generators of the following surface

-2y +1=0.

We write this equation in the following form
(v +2%) —a® =1,

which describes an hyperboloid of one sheet.

We get in the plane z = 1 the two lines y = +=z, thus
C:(x,x,1) and m: (z,—x,1).

The systems of generators are obtained by rotating thes lines around the X-axis.

Example 3.2 Find the two systems of rectilinear generator on the surface given by

2 4+yz—1=0.

The corresponding matrix is

1 00
A=|0 0 %
0 1 0

and its characteristic polynomial is

det(A — AI) = (1 — A)(A — %)()\ + %).

If Ay = 1, then we of course get the normed eigenvector

q1 = (1, 0, 0)

1
If Ay = 3’ then

0 0 10 0
A-\I=1| 0 —% % ~1l 01 -1 |,
0o 3 -1 00 0

and a normed eigenvector is

1
Q2—%

(0,1,1).
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1
If A3 = 5 then a normed eigenvector is
1
a3 = %(Oa -1,1).

We get by the coordinate transformation

0 0 T

0 L L1
Y = V2 V2 n
z 0 % L 21

2 V2

that
1 1
1‘%4‘59%—52%:17

i.e. an hyperboloid of 1 sheet.

1

|
S

(y1 —21)
(y1 + 1)

The rotation axis is the zj-axis. We get in the plane 1 = & = 1 the lines z; = 4y, thus in the

original coordinate system,

%(—ym:i%(ym,

or slightly nicer,

—y+z==%(y+2)

.
. .
A\
iy \‘.‘ <
27\
(27777 XX/ b
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It follows that either y = 0 or z = 0, hence
£:(1,0,%) and m: (1,y,0).

Then these lines are rotated around the zj-axis, i.e. around the line y = —z, by which we get the
systems of generators.

Example 3.3 Find the two systems of rectilinear generators on the surface given by

922 + 4y% — 3622 = 36.

By taking the norm we get
N 2 N
- =) —22=1
() +(5) -
The axis of rotation is the z-axis.
1
If £ = 2, then z = ig y. The two families of generators are obtained by rotating
0:(2,32,2) and m:(2,-3z,z)

around the z-axis.

Example 3.4 Find the two systems of rectilinear generators on the surface given by the equation

y? —42° + 22 =0.

This equation describes an hyperbolic paraboloid,

1
952 _ 242 =
oGy =u
with the X-axis as symmetry axis. It follows from
(\@Z—i-L ) (\/52:—L ) =z
/2 ) /2 )

that the generators are

1
V224 —y=kF, 2z +y = 2k,
\/% dvs. 9y = 133
kvV2z — —y—a =0, T e
\/_ \/Qy kl

where k; = kv/2, and analogously for the other family of lines,

1
ﬁz—ﬁy:k, 22—y22k1,
k dvs. 2Z2+y=—=v
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Example 3.5 Find the two systems of rectilinear generators on the surface given by the equation:

z? —4y? =4z

We have again an hyperbolic paraboloid,
42° —y® = (22 — y) (22 +y) = 2,

hence the lines are, expressed by the parameter k,

2z +y = 2k, 2z —y = 2k,
1 or 1

2z—y:%:v, 2z—|—y=zm.

Example 3.6 Find the two systems of rectilinear generators on the surface of the equation:

249> —yz—1=0.

We first write the equation in the following way

1 Z\ 2 1 2 Z\ 2
_ .2 2 L2 (E\T_ 2 4 [+
t=at ey oy g2 (5) =t (v-52) - (5)

which of course also can be found in the usual (and more tedious) way by first setting up the matrix,
then find the eigenvalues and eigenvectors, etc..
The equation describes an hyperboloid of 1 sheet and with the Z-axis as axis of rotation.
We get in the plane x = 1,
z\2 z\2

-3 - )"
thus either y = 0 or y = z. The systems of generators are obtained by rotating

£:(1,0,2) and m:(1,z,2)

around the Z-axis.
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4 Various surfaces
Example 4.1 Given the ellipsoid
Az® + By + C22 =1,

where A < B < C. Prove that there are two planes through the Y -axis, which both cut the ellipsoid
in circles. Then prove that only planes parallel with one of these two planes will cut the ellipsoid in
circles.

Whenever we are talking about an ellipsoid, we must also require that A > 0.

Any plane containing the Y-axis must have an equation of the form

ax +bz =0, where (a,b) # (0,0).

If b #£ 0, then z = —% x, hence by insertion

2
Az? + By* +C (%) 2 =1,

whence

{A-i—C’ (%)2}x2 + By? = 1.

We shall get a circle, when

A+C(%)2:B, i.e. when %::t T

which precisely gives us two solutions, because B > A.
We notice that b = 0 gives x = 0, and since B < C, we only obtain one ellipse By? + Cz% = 1.
A plane parallel to the Y-axis has the equation

r=c eller z=axr+b.

Again x = ¢ will only give an ellipse. When we put z = ax + b, we get

1 = Az? + By? + C(a*z? + 2abx + b?)
= (A+a*C)z? + 2abCx + b*C + By?.

We only obtain a circle, if A+ a?C = B, so

B_A
=22
“ C

There must of course also be a constraint on b for given a. There is, however, some very good
computational reasons for not to ask for this constraint.
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A plan which is not parallel to the Y-axis must have the equation
y=ax+bz+c.

Without some additional knowledge of geometry, which cannot be assumed, this case becomes very

difficult to describe.

Example 4.2 Given in an ordinary rectangular coordinate system in space the surface of the equation
2 +ay? + 22 =1.

Find all a, for which the surface contains at least one straight line, and find for each of them a

parametric description of a straight line which lies on this surface.

If a > 0, the surface is an ellipsoid, thus there are no straight lines on the surface.

If a = 0, the surface is a cylindric surface. A parametric description of a straight line on the surface is
(z,y,2) = (cos,y,sin ), y €R,

where we for each fixed ¢ get a straight line.

If a = —b? < 0, the surface is an hyperboloid of 1 sheet. In the plane x = 1 we find the two straight
lines z = +by, hence

£:<17y7\/_a’y) and m:(lvya_\/_a’y)v yERv

are two lines on the surface. We get all such straight lines by rotating these around the Y-axis.
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Example 4.3 Given in an ordinary rectangular coordinate system XY Z of positive orientation in
space a conical surface of the equation

5022 4 25y% + az® — 100z — 200y — 2az = 0,
where a € R.
Find the type of conical surface, which is described by a = 0, a = —250, a = —450, respectively.
First write

0 = 50z? — 100z + 25y — 200y + a2’ — 2az
= 50{z? — 22 +1—1} +25{y® — 8y + 16 — 16} + a{z® — 22 +1 -1}
50(x — 1)% 4+ 25(y — 4)® + a(z — 1)® — 50 — 400 — a,

(2)  50(z —1)* 4+ 25(y — 4)? + a(z — 1)? = 450 + a.

1. If @ = 0, then by norming

(55%) + () roemoren

which is the equation of an elliptic cylindric surface.

2. If a = —250, then
50(x — 1)% 4 25(y — 4)* — 250(z — 1)? = 200,
hence by norming,
() + () - (Ga)
2 2v2 2/V5

This is the equation of an hyperboloid of 1 sheet.

3. If a = —450, then
50(x — 1) + 25(y — 4)% — 450(z — 1)* = 0,
hence
z—1\° y—4>2 5
+(Z—=) -(z-1?=0.
(3> (3\/5 -1

This is the equation of a conical surface.

Remark 4.1 It is not difficult to discuss (2) for general a € R. There are only two critical point,
namely a = 0, where the coefficient of the quadratic term (z — 1)? becomes 0, and a = —450, where
the right hand side becomes 0. ¢
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We get

a >0,

a=0,

—450 < a <0,
a = —450,

a < —450,

ellipsoid,

elliptic cylindric surface
hyperboloid of 1 sheet,
conical surface,
hyperboloid of 2 sheets.

)
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5 Conical surfaces
Example 5.1 Find the type and position of the conical surface which is described by the equation

z = xy.

By the change of variables (a rotation of 7)

(a1 + 1) (21 + 1)
r=—(—=z ; = —(z
5 1T Y1 Yy \/5 1T Y
We get

IR S S

foy*Q( 7+ 1),

and the surface is an hyperbolic paraboloid.

ALTERNATIVELY and more difficult we setup the corresponding matrix and then find the eigenvalues
and eigenvectors. Of course, we end up with precisely the same transformation. ¢

Example 5.2 Find the type and position of the conical surface, which is described by the equation

2% = 2xy.

Applying the same rotation as in EXAMPLE 5.1 we get
2= —af + i,

hence
2 -yl + 22 =0, possibly yi =22 + 2%

which is the equation of a conical surface.

Example 5.3 Find the type and position of the conical surface, which is described by the equation

22yt =22 22y — 20— 4y —1=0.

We get by a rearrangement,

0 = (@+y)?-2"-3@@+y +(x—-y -1

2
= (z+y§> 722+(177y)717§,

thus
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hence by norming,

If we put
1= —(x+vy) and ——1 (x—y)

[a rotation], it follows that
B _ 1 s, ( 3 )2
- =2 = - —| ,
1 1 \/5 \/5 1 9 \/5
which corresponds to a (rotated) hyperbolic paraboloid.

Example 5.4 Find the type and position of the conical surface, which is described by the equation

8% + 11y% + 822 + 4dyz + 8zx — 4wy — 162 + 4y — 8z — 4 = 0.

We collect the quadratic terms in the matrix A, i.e.

T 8§ =2 4
(xy 2)Al v |, where A= -2 11 2
z 4 2 8

The characteristic polynomial is

8-\ -2 4 12-X 0 12-)
det(A—XI) = | -2 11-Xx 2 |=| -2 11-) 2
4 2 8-\ 4 2 8-
10 1 10 0
= (12-XN)] -2 11-Xx 2 |=(12-))|-2 11-Xx 4
4 2 8- 4 2 4-2A
= (12-)) HQ_A 4__4A =—(A—12){\> — 15X + 44 — 8}

= —(A=12)A=3) (A —12) = —(A = 2)(\ — 12)%.

If \; = 3, then
5 =2 4 1 -4 -1
A-\I = -2 8 2 |~ -1 4 1
4 25 0 18 9
1 -4 -1 1 0 1
~ 0 2 1 1~10 21
0 0 O 0 0 0
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An eigenvector is e.g. vi = (2,1, —2) of the length ||v1| = v/9 = 3, thus a normed eigenvector is

1
q1 = g (271,_2)

If )\2 = Ag = 12, then

-4 =2 4 2 1 =2
A-—DI=| -2 -1 2 |~ 00 0
4 2 —4 0 0 0

Two obvious linearly independent eigenvectors are given by
vy =(1,0,1) and vy =(0,2,1),
where ||va|| = v/2 and (by Gram-Schmidt)

1 1 1
- . =(0,2,1)— =-1-(1,0,1) = =(—1,4,1).
V3 ||V2||2(V3 V2)V2 (Oa ) ) 9 (707 ) 2( P )

Here, |[(—1,4,1)|| = v1+ 16 + 1 = 3v/2, hence

1 1
=—(1,0,1 and =—(—-1,4,1).
The transformation is
2 1 _ 1
€ T1 f V2 ?Z;ﬁ
y |=Q( v |, hvor Q= 3 0 ENE
z z1 —2 1 1
3 V2 3V2
Since
y = %xl + 3;\4{5217
z = -2z + \%yl + 354

we get for the linear terms that

—16x + 4y — 8z

(32+4+16> +( 16 8) +<16+16 8)2
= _—— —_ _ €T —_——— — —_

3 7373 )" 5 v2) T \5v2 Tz 32/t
= —dzy —12V2y1 +4V2 2,

and the equation is transferred into

0 322 41207 + 1227 — day — 12v2y; +4v22 — 4

4 4 4 11 2 11
= 3{m§3x1+99}+12{y%\/§y1+22}+12{z§+fz1+}4

2 2 2
2 1 2 4 2
3<x1—§) +12(y1—ﬁ) +12<21—%> —g 654
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4 2
It follows from -3~ 6 — 3~ 4 = —12 that the equation can be written

B o) (2

thus the surface is an ellipsoid of centrum

2 1 V2
3V2 6

and half axesa =2, b=c=1.

(r1,91,21) = (
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Example 5.5 Find the type and position of the conical surface, which is given by the equation

22 + 4y + 22 4 20yz + 262z + 20xy — 24 = 0.

The corresponding matrix is

1 10 13
A=1| 10 4 10
13 10 1

of the characteristic polynomial

1-x 10 13 24—\ 24—X 24—\
det(A—M)=| 10 4-X 10 |[=| 10 4-x 10
13 10 1-2A 13 10 1-2
11 1 1 0 0
—(A—24)| 10 4—X 10 |=-(A-24)[10 —6—A 0
13 10 1-2A 13 -3 —12-2)

—(A=24)(A+6)(A+12).
The three eigenvalues are A\ = —12, Ay = —6 and A3 = 24.

It Ay = —12, then

13 10 13 3 —6 3
A—-M\I=| 10 16 10 | ~| 5 8 5
13 10 13 0 0 0

1 -2 1 -2 1 1 01

~1 2 14 2 |~ 1 0 010

0 0 0 0 0 0 0 0

An eigenvector is e.g. vi = (1,0, —1), which is of length /2, hence a normed eigenvector is given by

qi1 = (1,0,—1).

&\H

If A\ = —6, then

7 10 13 11 1 1 0 -1
A—-XI=| 10 10 10 |~ 1 0O =1 |~ 0 1 2
13 10 7 0 0 0 0 0 0

An eigenvector is e.g. (1,—2,1) of length V6, hence the corresponding normed eigenvector is

qz = (1,-2,1).

§|H
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If A3 = 24, then

-23 10 13 1 -2 1 1 -2 1
A-XI = 10 -20 10 |~ 3 30 =33 |~ 1 10 -11
13 10 23 0 0 0 0 0 0

1 -2 1 1 -2 1 1 0 -1

~ 0 12 —-12 | ~| O 1 -1 |~ 0 1 -1

0 O 0 0 0 0 0 0 0

An eigenvector is e.g. vz = (1,1, 1) of length v/3, hence a normed eigenvector is

1

qs3 \/g (17171)'

The coordinate transformation is then given by

1 1 1
v 1 vz Vg B
y |=Q| »n |, hvor Q= 01 R
: A v B

We obtain by this transformation the equation
—1227 — 6yF + 2427 = 24,
thus by norming

1 1
—537?—131%4‘2%:1-

This equation describes an hyperboloid of 2 sheets.

Example 5.6 Find the type and position of the conical surface, which is given by the equation

322 +3y? — 522 —8zy + 5= 0.

If we only consider the variables (z,y), we get the matrix

a=(43)

of the characteristic polynomial (A — 3)3 — 42, the roots of which are \; = —1 and A\ = 7.
If Ay = —1, then

4 4 1 -1
A_M:(—44 )N<0 0)'

A normed eigenvector is q; =

for Ay = 7.

(1,1,0). Analogously, q2 = (1,—1,0) is a normed eigenvector

S S
V2 V2

Download free books at BookBooN.com

39



Linear Algebra Examples c-4 5. Conical surfaces

By the transformation

y | = % % 0 Y1
Z 0 0 1 Z1

the equation is carried over into
—2?+ Ty} — 522 +5=0,
hence by a rearrangement,

1 7

This is the equation of an hyperboloid of sheet.

Example 5.7 Find the type and position of the conical surface, which is given by the equation

522 + 8y 4 522 — dyz + 8zx + 4wy — 4 + 2y + 42 = 0.

The quadratic terms are represented by the matrix

5 2 4
A=[2 8 -2,
4 -2 5

of the characteristic polynomial

5-\ 2 4 9-X 0  9-2A
det(A—XI)=| 2 8-\ -2 |=| 2 8-\ -2
4 —2  5-) 4 —2  5-)
1 0 0
=—A=9]2 8-)X -4 [=-A=9{N-9r+8-8}
4 -2 1-A
=-A\—9)?
If Ay =0, then
5 2 4 1 4 -1 1 4 —1
A-\NI = 2 8 -2 |~1 -14 8 |~[0 —-18 9
4 -2 5 0 —18 9 0 0 0
1 4 —1 10 1
00 0 00 0

An eigenvector is e.g. vi = (2, —1, —2) of length 3, hence a normed eigenvector is

1
q1 = § (27 _17 _2)
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If Ay =9, then

—4 2 4 2 -1 =2
A —XI= 2 -1 =2 |~ O 0 0
4 -2 -4 0 0 0

Two linearly independent eigenvectors are
vy = (1,0,1) and vy = (0,2,-1),

where ||vs|| = v/2 and (by Gram-Schmidt)

V3 = —(V3 . V2)V2 = (0727 —1) — %(—1) . (1,0, 1) = (1747 —1)

N =

Since ||(1,4, —1)|| = v/18 = 3v/2, the orthonormed eigenvectors are

1
(170? 1) and qs = —(1,47_1)

1
Q2—ﬁ 3\/5
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The transformation is given by

2 1 1 2 1 1
X 3 V2 32 xr1 3 T + V2 Y1 + 3v2 Z1
N S T (o N B NI
Yy - 3 3\/5 Y1 — 3 41 32 1
2 1 i 2
z -2 1 __1 z —2 R —
5 Vi s ! st pn 5v3 A1
Thus, the linear terms are transformed into

dx+2y+4 (828> (4+4) +<4+8 4) 6
—4x z=|\—5—7—3 T — | —=+—F&= — - z1 = —bxy.
! 373 3)" (v ) T U T sve sve) '

We get by insertion that the equation is transformed into

0-22 + 9y + 922 — 62, = 0,

which can be written

3
T1 = 5(1/% +27).

This is the equation of an elliptic paraboloid.

Example 5.8 Find the type and position of the conical surface, which is given by the equation

5a% — 2y% + 112% + 122y + 12yz — 16 = 0.

Here we only have the constant and the terms of second order corresponding to the matrix

5 6 0
A= 6 -2 6
0 6 11

The characteristic polynomial is
5- A\ 6 0
6 —2-X 6
0 6 11-X
= (5-M{\? =9\ —22-36} —36(11 — )
(5= X)(A\? — 9\ — 58) — 396 + 36\
A3+ 9N 4 58\ 4+ 5A? — 45X\ — 290 — 396 + 36
= A3 1407 449\ — 686 = —{\® — 14\ — 49\ + 686}
= A=A\ =TA=98) = - A=T) (A =14\ + 7).

det(A — AI)

If A\ = —7, then

12 6 0 2 10

A-\NI = 6 5 6 |~ 6 5 6
0 6 18 01 3

2 10 2 0 -3

~ 01 3 |~(01 3

0 0 0 00 O
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An eigenvector is e.g. (3, —6,2) of length /9 + 36 + 4 = 7, thus a normed eigenvector is given by

1
q1 = ? (37_672)
If Ay = 7, then
-2 6 0 1 -3 0
A - \I= 6 -9 6 ~ 2 -3 2
0 6 4 0 3 2

1
~1 0
0

S w o
S NN

An eigenvector is e.g. (6,2, —3) of length 7, hence a normed eigenvector is

(6,2, —3).

|

q2 =

If A3 = 14, then

-9 6 0 3 -2
A-xI=[ 6 16 6 |~ 3 -8
0 6 -3 0 2

0 3 0 -1
3 |~ 0 2 -1
-1 00 O

An eigenvector is (2,3, 6) of length 7, hence a normed eigenvector is

(2,3,6).

|

q3 =

The transformation matrix is

) 3 6 2
Q=-| 6 23|,
2 -3 6

and the equation is by this carried into
0= —T7x? + Ty7 + 1427 — 16,

hence, by a rearrangement,

7 7 7
—Ex§+1—6y%+§z%:1.

This is the equation of an hyperboloid of 1 sheet.
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Example 5.9 Find the type and position of the conical surface, which is given by the equation

22 +yz=0.
By the rotation

1 1
T =2, y:%(yl‘f'zl)v Z:E(yl_zl)

we get

L 5

1
_y%_izla

O:xQ—i—yz:x%—i—Q

which the equation of a conical surface.

Example 5.10 Find the type and position of the conical surface, which is given by the equation

42% — y? +92% + 162 + 6y + 182 + 16 = 0.

By some simple manipulations,

0 = 42° + 162 —y* +6y+ 92> + 182+ 16

= M? +dz+4-4} —{y* -6y +9-9} +9{z* +22+1-1} +16
4422 -16—-(y—3)2+9+9>+1)*-9+16
= 4z +2)?—(y—32+92z+1)7

which is the equation of a conical surface.

Example 5.11 Find the type and position of the conical surface, which is given by the equation

da® + 4y® + 2% — Swy + 4wz — dyz — 362 + 18y + 90 = 0.

The matrix corresponding to the terms of second order is

4 —4 2
A= -4 4 -2,
2 —2 1

of the characteristic polynomial

4-N -4 2 4-X -4 2
det(A—AI) = | —4 4-X -2 |=| 0 —x -2\
2 -2 1-2A 2 -2 1-)
4-\ —4 2 4-X 0 10
= -\ 0 1 2 |[=-x 0 1 2
—2 1-2A 2 0 5-2A
B 4-x 10 | ) T
- —)\’ 5 5_)\’——>\{)\ —OA} =A%\ —9).
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If Ay =0, then

4 —4 2 2 -2 1
A-MI=| -4 4 =2 |~|0 0 0],
2 =2 1 0 0 0
hence v; = (1,1,0) and v, = (0,1,2) are two linearly independent eigenvectors, where ||v1|| = v/2,
and we have (by Gram-Schmidt)
L Wi=(0,1,2) — £ 1.(1,1,0) = (1,1,4)
vy — ——(vo - vi)vy] = —=-1- =—(— .
2 HV1||2 2 1)VvV1 s Ly 2 5y ) » 4y

It follows from ||(—1,1,4)|| = v/1 + 1+ 16 = 34/2 that the orthonormed eigenvectors are

1
(1a130) and q2 = —(_171a4)

1
(h—ﬁ 3\/5
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If Ay =9, then
-5 —4 2 1 -1 -4
A-— X1 = -4 -5 -2 |~ 0 -9 -—18
2 -2 -8 0 -9 -18
1 -1 —4 1 0 -2
0 0 0 0 0 0

An eigenvector is e.g. v3 = (2,—2,1) of length 3, hence

1
qs = 5(27 _27 1)

Applying the transformation

4 12
Y = V2 gg *15 n
z 4 B z
0 3v/2 3 !

we get

360118y = (—36+18)x + (36+18) +(—72_36>Z
Y NG 1 3V2 30 n 3 3 1
= —9vV221 4+ 9V2y; — 36 21,

and the equation is transferred into

0 = 0-22+40-92+922 —9vV2(x; — y1) — 3621 + 90

= 9{z? —dz +4— 4} —9V2(xy — 1) + 90,

which we reduce to

(21 —2)* = V2(z1 — 1) +6 =0,

hence to

1 1
—(l‘l —y1) -3 = 5(2’1 —2)2.

V2

We see that we shall perform another change of variables (a rotation) of the eigenspace corresponding
to A1 = 0. If we, however, put

1
= ﬁ(zl - yl)a

€2

then we obviously beg a parabolic cylinder surface.
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Example 5.12 Find the equations of the conical surfaces which are obtained when the conical section
1122 + 4y* — 24zy — 202 4 40y — 60 = 0, 2z =0,

is rotated either around the first axis or the second axis.

The corresponding matrix in the XY -plane is given by

a-( )
of the characteristic polynomial

det(A — AI) = (A — 11)(A — 4) — 144 = X\ — 15X — 100 = (A + 5)(\ — 20).
The eigenvalues are Ay = —5 and Ay = 20.

If \; = —5, then

16 —12 4 -3
A‘“‘(u 9)”(0 0>'

1
A corresponding normed eigenvector is q; = 5(3, 4).

If Ay = 20, then
-9 —12 3 4
A’\QI(—M —16>N(0 0>'

(—4,3).

| =

A corresponding normed eigenvector is qo =

The transformation matrix is
1/ 3 -4 z\ 1\ 1 [ 3z —4y
Q_5(4 3) and (y)_Q(y1>_5(4x1+3y1 ’

—20z + 40y = —60x; + 80y; + 1601 + 120y; = 100z + 200y;.

thus

The equation is by the transformation transferred into

0 = —527 4+ 20y? + 100x; + 200y; — 60
—5(x} — 2021 + 100 — 100) + 20(y; + 10y; + 25 — 25) — 60
= —5(z; —10)* 4 20(y1 + 5)* 4 500 — 500 — 60,

which we reduce to

1 1
— 51— 10)? + 3w+ 5)% = 1.

This equation describes an hyperbola in the X;Yj-plane of centrum (x1,y1) = (10, —5).
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Remark 5.1 Unfortunately the word “axis” is ambiguous. Here we mean the X;-axis and the Y;-axis,
i.e. the axes of the hyperbola and not the axes of the original coordinate system. ¢

When the hyperbola is rotated around the X;-axis, we obtain an hyperboloid of 1 sheet.

When the hyperbola is rotated around the Yj-axis, we obtain an hyperboloid of 2 sheets.

Example 5.13 A conical surface is in a rectangular XY Z-coordinate system given by the equation
522 + 5% + 2zy — 222+ 4V2(x —y) + 42 —2=0.

Indicate the type of the conical surface, the centrum of the conical surface and the directions of the
azes in the XY Z-coordinate system.

The corresponding matrix

5 1 0
A=1|1 5 0
0 0 -2

has the characteristic e polynomial
det(A —AI) = —(A+2){(A—=5)2 =1} = —(A +2)(A — 4)(A — 6),
of the roots A\ =6, Ao =4, \3 = —2.

If Ay = 6, we get the eigenvector q; = (1,1,0).

If Ay = 4, we get the eigenvector qa = (-1,1,0).

If A3 = —2, we get the eigenvector q3 = (0,0, 1),
all three normed, hence the transformation matrix is

Siasile

L -1 0 x 5 (@1 = 1)
Q= % % 0 and y | = %(331 +v1) |
0 0 1 z 21

and
V2 (x—y) =4V2- % “(=2y1) = —8y1.

The equation is by the transformation transferred into
0 = 627 +4y? — 227 —8y; +42—2
= 622 +4(y 2 +1-1)—2(212-224+1-1) -2
= 622 +4(pn —1)2 —2(z1 — 12 —4+2 -2,
hence by a rearrangement,
3 1
§$%+(y1—1)2—§(21 —1)2 =1.

It follows from the structure that the conical surface hyperboloid of 1 sheet, and centrum (21, y1,21) =
(0,1, 1), thus in XY Z-coordinates,

(z,y,2) = (%%1)
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6 Quadratic forms
Example 6.1 . Given the quadratic form
(3)  (a+1Da*+ (a+ 1)y* + 2axy + 2a2,
where a is a real number.
1. Find the matriz of the form matrix A, and the eigenvalues of A.

2. Find the values of a, for which A has three mutually different eigenvalues.

Reduce (3) to a quadratic form without product terms for these values of a, and find a reducing
proper orthogonal substitution.

3. Describe for a =0 and a = f% the type of the conical surface which is an ordinary rectangular
coordinate system XY Z of positive orientation is described by the equation

(a+1)z% + (a + 1)y? + 2azy + 202> + V2(z — y) + 42 = 0.

In case of a = —i, find a parametric description in the XY Z-system for the symmetry axis
through the vertices of the surface.

1. The matrix is

A= a a+1 0
0 0 2a

The characteristic polynomial is
det(A —AXI) = —(A —2a){(A —a — 1) —a?} = —(A = 1)(A — 2a — 1)(\ — 2a).
The eigenvalues are

)\1:17 )\2:2a—|—1,)\3:2a.

1
2. It follows that Ao # A3 for every a. Furthermore, Ay # Ao for a # 0, and Ay # A3 for a # 3

Hence, we have three mutually different eigenvalues, when

1
a ¢ {0, 2} .
Assume that a ¢ {0, 3}.

If Ay =1, then
a a 1 1 0
A - )\I= a a 0 ~ 0 0 1
0 0 0 0 O

A normed eigenvector is q; =
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If Ay =2a+ 1, then

—a a 0 -1 1 0
A —\I= a —a 0 ~ 0 0 1
0 0 -1 0 0 O

1
A normed eigenvector is g2 = —(1,1,0).

V2
If A3 = 2a, then q3 = (0,0, 1) is trivially a normed eigenvector.

The transformation is given by

1 1
€ X1 751 ? 0
Yy = Q Y1 ) hvor Q = 7% ﬁ 0 )
z 21 0 0 1

and then (3) is written

1
x4+ (2a + 1)y? + 2022, a¢ {0,2}.

3. From
ﬁ(m—y)+4z: V2 V22 + 4z = 221 + 421,
follows by the transformation that the equation becomes

0 = 274 (2a+ 1)y? + 2027 + 221 + 42,
= {22422 +1 -1} + (20 + 1)y? + 2022 + 42
= (214 1)+ 20+ 1)y + 202> + 42, — 1.

(a) If @ = 0 then by 2) we have an exceptional case. Hoswever, if a = 0, then it follows
immediately that

2 2
1 1
0=+ +V2ax—y) +dz=(a+—) +(y——=] +42-1,
y (z —y) 7 V-5

which is the equation of an elliptic paraboloid.

1
(b) If instead a = T then

1 1
0 = (x1+1)2+<—2+1>y§—22%+4zl—1
o 1 5 1 5
= (w1+1) +§y1—§(21—8z1+16)—1+8,
hence
1 2 1 5 1 2 _
7(.%‘1+1) 14y1+14(Z1 4)* =1,
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which is the equation of an hyperboloid of 2 sheets.

The vertices of the surface are given by (21 — 4)? = 14, and x; = —1, y; = 0, i.e. a line
parallel to the Z;-axis = the Z-axis.

Since x1 = —1 and y; = 0 correspond to = = the parametric description

1
\/§7

of the symmetry axis,
1 1
T, Y,z) = 7aiat ) teR.
(0:2) <\/§ V2 >

Example 6.2 Given the matriz

1 2 3 6
Q:? 3 —6 2
6 2 -3

and the equation of second order
(4) 42?4 9y? + 362 + 122y + 242 + 36yz + 62 + 2y — 32 = 0.

1. Prove that Q is proper and orthogonal and that one can reduce the quadratic form in (6.2) to a
form without product terms by applying Q as the matriz of change of variables.

2. Prove that (4) in an ordinary rectangular coordinate system XY Z in space of positive orientation
describes a cylinder surface, and describe the type and the direction of the gemerator of this
surface.

1. It follows from 22 + 32 +62 = 449436 = 49 = 72, that all columns in Q are unit vectors. Then
we calculate the three possible inner products [without the factor %], to get

(2,3,6)-(3,-6,2) = 6—18+12=0,
(2,3,6)-(6,2,-3) = 12+6—18=0,
(3,-6,2)-(6,2,—3) = 18—12—6=0.

Hence, it follows that Q is proper orthogonal.

To (4) corresponds the matrix

4 6 12
A= 6 9 18
12 18 36

It follows from

2 4 6 12 2 98 2
Al 3 | = 6 9 18 3 | = 147 | =49 3 |,
6 12 18 36 6 294 6
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3 4 6 12 3 0 3
Al 6= 6 9 18 6 |=(0|=0| -6 |,
2 12 18 36 2 0 2
6 4 6 12 6 0 6
Al 2= 6 9 18 2 |=(o0|=0 2],
-3 12 18 36 -3 0 -3

that the first column in Q is an eigenvector for A corresponding to the eigenvalue A\; = 49,
and the latter two columns are both (orthogonal) eigenvectors corresponding to the eigenvalue
Ao = 0.

It follows from

6x + 2y — 3z

1
? {6(2.’E1 + 3y1 + 62’1) + 2(3£E1 - 6y1 + 22’1) - 3(6251 + 2y1 — 321)}

1
= - {(124+6 —18)x1 + (18 =12 — 6)y; + (36 + 4+ 9)21 } = Tz1,

that (6.2) by the transformation is transferred into

0 =4922 + 7z, thus 21:77xforx%:f?zl.

2. It follows from the result of 1) that (6.2) describes a parabolic cylinder surface with the Y7-axis
as the direction of the generators. In the XY Z-space the Yi-axis is given by the eigenvector
(3,—6,2), so this indicates the direction of the generators.
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Example 6.3 Find the type of the conical surface which is described by the equation
322 — 3y? 4+ 1222 4+ 12yz + 4o — 4y — 22 = 0,

where (z,y,z) are coordinates in an ordinary rectangular coordinate system (O;Z,f, E) in space of
positive orientation. Find the equations of the symmetry planes of the conical surface.

The matrix
3 0 6
A= 0 -3 6
6 6 0

has the characteristic polynomial

3-A 0 6
det(A—-AI) = | 0 -3-X 6 :_()\_3)‘>‘+63 _2’%’8 —(A6+3)’
6 6 A

= —(A=3)(A\? 43X —36) +36(\+3)
= =A% —3X\% £ 36\ +3\% + 9\ — 108 + 36\ + 108
= A 4+8IA=-AA-9)(\+9).

The eigenvalues are A\; = 0, Ao =9 and A3 = —9.
If Ay =0, then

3 0 6 1 0 2 1 0 2
A-\I=|0 -3 6 |~ 0 -1 2 |~|0 -1 2
6 6 0 1 1 0 1 1 0

1
An eigenvector is (2,—2, —1) of length 3, hence a normed eigenvector is q; = 5(2, —2,-1).

IfA—2=9, then

—6 0 6 -1 0 1 1 0 —1
A—\I= 0 —12 6 ~ 0 -2 1 ~ 0 2 -1
6 6 —9 2 2 -3 0 0 0
1
An eigenvector is (2, 1,2) of length 3, hence a normed eigenvector is qa = 5(2, 1,2).
If \3 = =9, then
12 0 6 2 01 2 0 1
A — 1= 0 6 6 ~ 0 1 1 ~ 0 1 1
6 6 9 2 2 3 0 0 O

1
An eigenvector is (1,2, —2) of length 3, hence a normed eigenvector is q3 = §(1’ 2,-2).

The transformation is fixed by the matrix

1 2 2 1
-1 2 -2

Download free books at BookBooN.com

53



Linear Algebra Examples c-4 6. Quardratic forms

If follows from
do — 4y — 2z = % {4221 + 2y1 + 21) — 4(—2x1 +y1 + 221) — 2(—21 + 2y1 — 221)}
- %{(8+8+2)x1 b (8—d— )y + (4— 8+ 4)21} = 621,
that by this transformation the equation is transferred into

2
9y% _92%-}—61‘1 :0, thus 5371 :Z% _y%7

which is the equation of an hyperbolic paraboloid with the X;Z;-plane and X;Yi-plane as planes of
symmetry. The normal of the X;Z;-plane is the eigenvector (2,1, 2), which indicates the direction of
the Yj-axis, i.e. an equation is

20 +y+ 22 =0.

The normal of the X;Yi-plane is the direction of the Z;-axis, thus (1,2,—2), hence an equation of
this plane is

r+ 2y —22=0.

Example 6.4 1. Reduce the quadratic form
5% + 5y* 4+ 522 — 8xy — Syz — 8zx

to a form Alx%+)\2y%+)\32f, where \1 < Ay < A3, and indicate a proper orthogonal substitution,
which performs the reduction.

2. A conical surface is in the coordinates x, y, z with respect to an ordinary rectangular coordinate
system (O; 1,7, k) in space of positive orientation given by the equation

522 + 5y? 4 522 — 8zy — 8yz — 8z — 6z — 6y — 62 = 9.

Apply 1) to prove that the surface is a rotational cone. Find in the coordinates with respect to
the system (O;f,f, k) the vertex of the cone and a parametric description of the axis of rotation.

3. Prove that the point P : (1,1 — V2,1 + \/5) lies on the conical surface. Find an equation of the
plane, which contains both the azis of rotation and the generator through P.

1. The matrix

5 —4 —4
A= —4 5 —4
-4 —4 )
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has the characteristic polynomial

5—A -4 -4 ~A-3
det(A—A[)=| -4 5-X -4 |=
—4 -4 5-2)
1 1 1
—(A+3)(A=9)| 0 1 -1 |=\A+3)(A-9)
—4 -4 52\

=—(A+3)(A—9)%

hence the eigenvalues are Ay = =3, Ao = A3 = 9.

If \; = —3, then

8§ —4 -4 2

A-\I = —4 8 —4 |~ | -2
-4 -4 8 0

2 -1 -1 1 0

~ 0 3 -3 |~ 01

0 0 0 0 0

—4

-A—-3 —-A-3
9—X 942
5—A

11 1

01 -1

0 0 9-2A

An eigenvector is vi = (1,1, 1) of length v/3, hence a normed eigenvector is

1
a = —(1,1,1).

V3

If )\2 = )\3 = 9, then

-4 -4 —4 1 1 1
A—XI= -4 -4 -4 |~ 000
-4 -4 —4 0 0 0

Two linearly independent eigenvectors are vo = (1,0,—1) and v3 = (0,1, —1). We get by the

Gram-Schmidt method
1

g — ——(v3- =(0,1,—1
V3 ||v2”2(V3 v2)ve = (0,1,-1) — 5

hence two orthonormed eigenvectors are

1 1
= —(1,0,—1) and =—(1,-2,1).
q2 ﬂ( ) qs3 \/6( )
We can choose the transformation matrix as
1 1 1
V3 V2 V6
Q= % 0 —%
j _ 1 LG
V3 V2 6

and the form becomes

—32% + 9y? + 927,

1
(1,0,—-1) = 5(—1,2, 1),
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2. Now,
—6x — 6y — 62
6{(1+1+1> +(1 1) +(1 2+1)}
=— —+—=4+— ]z — - — ———+— |z
v )T T\ v ) T\ v Ve
2—6\/§l‘1,

so the equation is transferred by the transformation into
9 = —32249y2+92 - 6V31
- —3{x§+2\/§xl+3—3} + 02 4922
= 3z +V3)2 4+ 9 +97+9,
which is reduced to
—(+V3)2 432 +322=0 or (21 +V3)?=3@+272).

This equation describes a conical rotational cone of vertex at (z1,y1,21) = (—\/3,070), which
in the XY Z-space is given by the coordinates

x -3 -1
y | =Q 0 =1 -1
z 0 -1
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The axis of rotation is the Xj-axis. Its direction in the XY Z-space given by a constant times
the first column of Q, thus a parametric description is

t(1,1,1), teR.

3. It follows from

1 1 1

1 . T ? V3 7§i 1 V3
1 2 1

21 z o 6 NG 1+\/§ \/g

and
(21 +V3)?=4-3=12,  3(yi+27) =3(1+3) =12,
that P; (1,1 — /2,1 + /2) lies on the surface.

The generator in the XY Z-space is given by
(1,1 = vV2,14+V2) — (=1,-1,-1) = (2,2 — V2,2 +V2) = V2(vV2,V2 - 1,V2 4+ 1).

A normal is given by

(L,1,1) x (V2,vV2—-1,V2+1) = i {
V2,V2-1,V2+1

=(V24+1-V2+1,V2-V2-1,V2-1-V2)=(2,-1,-1),

ol

thus the equation of the plane through (—1,—1,—1) is
0=2,-1,-1) - (z+Ly+l,z+)=22+2—-y—1—2—-1=2z0—y— z,
hence

20 —y— 2= 0.
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Example 6.5 Given a conical surface in ordinary rectilinear coordinates in space by the equation
ar® +y? + 22 +6yz =1, where a € R.
1. Find a quadratic form \z? + Xoy? + \322, which can be reduced to the quadratic form occurring

on the left hand side of the equation by some orthogonal substitution.
(The orthogonal substitution is not requested.)
2. Find all a, for which the conical surface is a rotational surface. Find for each such value of

a the type of the surface and also a parametric description of the rotational axis in the given
coordinates.

1. The corresponding matrix

0 0
A= 3
1

o O Qe

1
3
has the characteristic polynomial

det(A —AI) = —A—a){(A—1)? =3%} = — (A —a)(A +2)(\ — 4).
The eigenvalues are Ay = a, Ao = —2 and \3 = 4.
It follows from the above that one can reduce to

ar? — 2y +422 = 1.

Remark 6.1 It is not difficult to show that the orthogonal substitution, which we shall use,
can be chosen as

1 0 0
1 1
Q=| 0 o0
0 -7 ¥
2. If ax? — 2y? + 427 = 1 describes a rotational surface, then either a = —2 or a = 4.

(a) If @ = —2, then
=2(ai i) +424 =1,

which is the equation of a rotational hyperboloid of 2 sheets. The axis of rotation is the
Z1-axis.

(b) If a =4, then

which is the equation of a rotational hyperboloid of 1 sheet. The axis of rotation is the
Yi-axis.
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Example 6.6 Given a conical surface in ordinary rectangular coordinates in space by the equation
day +az? =1, where a€eR.

1. Find a quadratic form A3 + Xoy? + 327, which the quadratic form, occurring on the left hand
side of the equation can be reduced to by an application of some orthogonal substitution.
(The orthogonal substitution is not requested).

2. Find all a, for which the given conical surface is a rotational surface and indicate for these

values the type of the surface and a parametric description of its axis of rotation in the given
coordinates x, vy, 2.

3. Prove that there is precisely one value of a, for which the surface is a cylindric surface, and
describe its type and its azis of symmetry.

1. The corresponding matrix

0 2 0
A= 2 0 0
0 0 a

has the characteristic polynomial
A=2)(A+2)(A —a),

thus the eigenvalues are A\ = 2, A\ = —2 and A3 = a. Hence, one can in some other coordinates
reduce to

277 — 2yi +azi = 1.

Remark 6.2 It is quite easy to prove that one may choose’ the orthogonal substitution as

0
Q= 0. ¢
1

SRS
C’ME\H

2. The form describes a rotational surface, if a = £2.
(a) If a =2, then
2021 + 1) — 297 = 1,

which is the equation of a rotational hyperboloid of 1 sheet. The axis of rotation is the
Yi-axis, i.e. in XY Z-space

(—t,t,0), teR.
(b) If a = —2, then
207 — 2(y7 +21) = 1,

which is the equation of a rotational hyperboloid of 2 sheets and with the X;-axis as its
axis of rotation. In XY Z-space the X;-axis is given by

(t,t,0), teR.
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3. It follows that we get a cylindric surface for a = 0,

227 — 297 = 1.

The direction of the generator is the Zj-axis, i.e. (0,0,t), t € R, in the original coordinates.
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Example 6.7 Given in an ordinary rectangular coordinate system in space of positive orientation a
conical surface by the equation

22 —dx — 222 — 4z — 6y = 0.

Find the type and position of the surface.
Find all generators through (0,0,0).

We get by using some suitable reformulations,

0

hence

o

1
Y3

(2 —dr+4—4) 222 +224+1-1) — 6y

(x—2)> —4—2(z+1)* +2 - 6y,

> =(z—-2)2-2(z+1)>~%

This equation describes an hyperbolic paraboloid.

Then we transform into the canonical form

1 at yi (-2 (2+1)°
=Y+ 5= - = - )
3 (V62 (V3)? 6 3
thus
1
$1:$—27 y1=Z+1, 21:y+§7 a:\/é, b:\/g

It follows that we obtain the systems of straight lines on the surface

Ty Ty
gob and &b
*Ilffyllezo, *£E1+*y172’1:0.
a b a b
The first of these is
r—2 z+1 k k 1
—+—+ =k and —(x—-2)— —(z2+1)— + =) =0.
NG 70 J5e 0= (v g)
2 1 V2-1
If (x,y,2) = (0,0,0), then k= —— 4+ — = ———— thus
(z,y,2) = ( ) -RVE 7
V2-1 1 V2-1 1 < 1>
0 = -~ — —(z-2+—"—— —(z+1)—(y+=
V2-1 V2-1 ( 1)
= — T —2)+ z+1) — + -,
s @+ e ) - (4

so multiplying by —3v/2,
(V2-1)(z—2)— (2—V2)(z+1)+3V2 (er;)
V2)z+3vV2y —2V2+2 -2+ V2 + V2

0

(V2 - 1o —(
(V2= 1)z —(

2 —
2 —

V2)z + 3v2y.
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If we multiply by v/2 + 1, we get instead

0=1u—V2z+3(2+V2)y,

which is slightly nicer.

The second family is then written

r—2 ZJrl_

T2 2Tk and
75 73 an

If (x,y,2) = (0,0,0), then k = —

0=

vz TP

so multiplying by —3v/2,

0

V241 V241
3

£y (ue ) =0

V2l
V3

(z4+1) - <y+1

(\/§+1)(m—2)+(2—1—\/5)(2—&-1)4-3\/5(

(V24+ 1Dz + 2+ V2)2+3V2y —2vV2 -2+ 2+ V2 + V2
(V2+ 1)z + (2+V2)z +3V2y.

, hence

L1
Y3
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Then if we multiply by v/2 — 1, we obtain the equivalent
0=a+V2z+3(2—V2)y.
The two generators through (0,0,0) are

0=2—-V22+32+V2)y and 0=z+V22+3(2—-V2)y.

Example 6.8 Given the matriz
2 21
A= 2 5 2
1 2 2

1. Prove that A = 1 is an eigenvalue of A, and find all eigenvectors corresponding to this eigenvalue.
2. Find every eigenvalue of A.

3. Consider in an ordinary rectangular coordinate system in space of positive orientation the
quadratic equation

222 + 5y + 222 + day + 2xz + dyz = 1.

Prove that this equation describes a rotational ellipsoid, and indicate an equation of that plane,
which is perpendicular to the axis of rotation through the centrum of the ellipsoid.

1. It follows from

A-1.1I=

[ NS

2 1
4 2 |~
2 1

o O =

2 1
0 0
0 0

that A\ = 1 is an eigenvalue of rank 2. Two linearly independent eigenvectors are e.g. vi =
(1,0,—1) and vy = (1,—1,1) where ||vi = v/2, and v; - vo = 0, and ||v2| = /3, thus the
subspace of all eigenvectors corresponding to A\; = 1 is spanned by the orthonormal eigenvectors

1 1

- (1,0,-1) and - (1,-1,1).

2. Tt follows from the construction above that (1,2,1) must be perpendicular to both q; and qs-

Now, since
2 21 1 7 1
2 5 2 2 | =1 14 | =71 2 ],
1 2 2 1 7 1
1 . . . .
we see that q3 = 76(1, 2,1) is an eigenvector corresponding to the eigenvalue A3 = 7.
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Remark 6.3 Since tr A =2+5+4+2=9= X1 + A2 + A3 = 2 + A3, we derive once more that
A3=9-2=7.0

Hence, all eigenvalues are Ay = Ay =1 and A3 = 7.

3. If we apply the transformation matrix

E T
vz B VG
| 0o- 4L Z
°- ARSI
V2 VB 6

we transfer the quadratic equation into
vy + 7 =1

which describes a rotational ellipsoid. The plane which is perpendicular to the rotational axis,
i.e. the Zj-axis, must be perpendicular to (1,2,1) and pass through (0,0, 0), hence its equation
isx+2y+2=0.

Example 6.9 Given in an ordinary rectangular coordinate system XY Z in space of positive orien-
tation a conical surface by the equation

az® + ay® + az® + 6zy + 8xz = 1,
where a is any real number.
1. Find for every a the type of the surface.
2. Put a =1, and prove that the surface intersects the XY -plane in an hyperbola.

3. Find a parametric description of each of the asymptotes of the hyperbola.

1. The corresponding matrix

4
A= 0
a

=~ w 2
o W

has the characteristic polynomial

a— A 3 4
det(A — \I) = 3 a— A 0
4 0 a— A\
3 4 a— A 3
=4 a— A\ O‘+(a_/\) 3 a—)\‘

= —16(a— N +(a—=N{(A—a)*> -9}
= —MW{(A—a)? =25} =—-A—a)A—a—5)(A—a+5).
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We have three different eigenvalues,
Al =a—5, Ao = a, A3 =a-+5.
In order to find the type of the surface we analyze the signs pf the A,

Mzt Ay + X328 =1 (>0).

A | Ao | A3 | Art

a < —> — | — | — | The empty set.

a=—> — | — | 0 | The empty set.
—5<a<0| — | — | + | Hyperboloid of 2 sheets.

a=20 — | 0 | + | Hyperbolic cylinder.
0<a<hb — | + | + | Hyperboloid of 1 sheet.

a=2>5 0 | + | + | Elliptic cylinder.

a>5h + | + | + | Ellipsoid.

2. If a = 1, then it follows from the above that we have an hyperboloid of 1 sheet.
We get by insertion of a =1 and z = 0 that

1=a%+y* + 6zy = a(z +y)* + Bz — y)*,
hence a+ =1 and 2a — 23 = 6, and whence o — 3 =3. Thus a =2 and § = —1, so
20z +y)? —(z—y)? =1,

which clearly is the equation of an hyperbola in the XY -plane with (0,0) as centrum.
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3. The asymptotes satisfy
0 = 2wty (@9’ = (Virtvay) (@)
= {(V2+ Do+ (V2-yH(V2 - Do+ (V2 + 1)y},
thus the equations of the asymptotes are
(V24+1Dz+(V2-1)y=0 or (V2—1z+(V2+1)y=0,
which can also be written in the form

y=-(V2+1)%r=-3+2v2)z or y=-(V2-1)°z=—(3-2V2)z.

Example 6.10 Given the matriz

A=| —

NN O
=N
W = N

1. Prove that v = (2 1 2)T is an eigenvector of A, and find the corresponding eigenvalue.

2. Prove that A = —2 is an eigenvalue of A, and find the eigenvectors corresponding to this eigen-
value .

3. Find a proper orthogonal matriz Q and a diagonal matrixz A, such that

QTAQ = A.

4. Find the type of the conical surface which is given by the equation
622 + 3y* + 327 — day + 4az + Syz = 14,

where (x,y,z) are the coordinates in an ordinary rectangular coordinate system in space of
positive orientation.

1. We get by insertion,

6 —2 2 2 14 2
Av=| -2 3 4 1= 7 |=7]1],
2 4 3 2 14 2

thus v is an eigenvector corresponding to the eigenvalue A\; = 7. Then by norming,

1
q1 = 5(27 ]-7 2)
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2. It follows from

8§ —2 2 0 18 18 2 01
A—XI=| -2 5 4 1~ 0 9 9|~ 011
2 4 5 2 4 5 0 0 O
that v = (1,2, —2) of length 3 is eigenvector corresponding to A3 = —2. Then by norming,
1
@ = 5(1.2,-2).
3. Since

e; e €3
(2,1,2) x (1,2,-2)=| 2 1 2 |=(=6,6,3)=—3(2,—-2,—1)

1 2 =2
is perpendicular to both q; and qs, and Q is symmetric, hence vo = (2,—2,—1) must be an
eigenvector,
6 —2 2 2 14 2
Avy=| -2 3 4 -2 |= -4 |=7 -2 |,
2 4 3 -1 -7 -1

1
i.e. @2 = =(2,—2,—1) is a normed eigenvector corresponding to Ao = 7, which is even orthogonal

to the eigenvector q; for the eigenvalue A = 7. Hence

2 2 1
Q=51 -2 2
2 —1 -2

4. Applying the transformation given by Q the equation is transferred into
Tl 4+ Tyl — 227 =1,

which is the equation of an hyperboloid of 1 sheet.

Example 6.11 Given in an ordinary rectangular coordinate system in space a surface of the equation
2% +y? + 22 + dyz = 1.

Describe the type of this surface.
The corresponding matrix
2 00
A= 0 1 2
0 2 1
has the characteristic polynomial

det(A —XI) = —(A —2){(A = 1)2 = 2%} = —- (A + )(A = 3)(A — 2)
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of the eigenvalues \y = —1, Ao = 2, A3 = 3. By an orthogonal transformation the equation is
transferred into

—xf + 297 + 327 = 1,

which is the equation of an hyperboloid of 1 sheet.

Example 6.12 Given the matrices

4 -2 4 2
A= —2 7T 2 and v = 1
4 2 4 -2

1. Prove that v is an eigenvector of A.

T

2. Solve the equation vI'x = 0 and prove that every x € R3*Y, which satisfies this equation is an

eigenvector of A.
3. Find an orthogonal matrix Q and a diagonal matriz A, such that
QTAQ = A.
4. Find the type of the surface which is described by the equation
da® + Ty? + 42°% — day 4 8xz + dyz = 8,

where (x,y,z) are the coordinates in an ordinary rectangular coordinate system in space of
positive orientation. Prove also that the surface is a rotational surface and find a parametric
description of the axis of rotation in the given coordinates x, vy, z.

1. By a calculation,

4 -2 4 2 -2 2
Av=| -2 7T 2 1 1=1-11]=-1- 11,
4 2 4 -2 2 -2
hence v is an eigenvector of A corresponding to the eigenvalue A\; = —1. A normed eigenvector

1S
1
q1 = §(2a ]-7 _2)

2. The solution space of vI'x = 0 is spanned by the two linearly independent vectors vy = (1,0, 1)
and v = (0,2,1). Then

4 -2 4 1 8 1
Avy = -2 7T 2 0 |l=0]=8[0
4 2 4 1 8 1
and
4 -2 4 0 0 0
Avs=[ -2 7 2 2 = 16 | =8| 2],
4 2 4 1 8 1
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thus both vy and vs are eigenvectors corresponding to Ay = A3 = 8.

Since vo + v3 = (1,2,2) also is of length 3, we may choose

1
q2 = _(1,27 2)7

3
and since 2vy — vy = (2, —-2,1), we get

1
qs = 5(2’ -2, 1)

3. It follows from qi, g2, q3 above that

. 2 1 2 -1.0 0
Q=3 12 -2 and A= 0 8 0
-2 2 1 00 8

4. The surface corresponds precisely to the matrix A above, so we get by the transformation,
—r7 4 8yi + 821 =8,

i.e. in its normalized form

2
L1 2 2
=) +yi+a=1.
(2\/§> n 1
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This is the equation of a rotational hyperboloid of 1 sheet and with the Xi-axis as axis of
rotation. In the XY Z-space the X;-axis has the direction v, so a parametric description is

t(2,1,-2), teR.

Example 6.13 Given the matrixz

7T 8 16
A= 8§ =5 8
6 8 7

1. Prove that —9 is an eigenvalue of A.

2. Given in an ordinary rectangular coordinate system in space of positive orientation a point set
M of the equation

7% — 5y? 4+ 722 + 162y + 3222 + 16yz = 9.
Find the type of M
3. Explain that M is a rotational surface and find a directional vector of the azis of rotation.

4. Let o denote a plane, which contains the axis of rotation. Find the type of the curve, which is
the intersection of M and «.

1. We obtain by reduction,

16 8 16 2 11
A—-)\I= 8 4 8 )~ 0 00
16 8 16 0 00
of rank 1, so A\; = —9 is an eigenvalue of multiplicity 2.

2. Two linearly independent eigenvectors are e.g. (1,0,—1) and (1,—4,1). They are clearly or-
thogonal. Furthermore, (2,1,2) is an eigenvector, because it is perpendicular to a 2-dimensional
eigenspace, thus it must itself lie in an eigenspace. It follows by insertion

7 8 16 2 54 2
Avs=| 8 -5 8 1| =27 | =21 1],
6 8 7 2 54 2

thus vs is an eigenvector corresponding to the eigenvalue A3 = 27.
Notice that

3 1
Vi = (27 -2, 71) = 5(1703 71) + 5(13 —4, 1)7

1
—-(1,-4,1
2(7 ))7

are other two orthogonal eigenvectors corresponding to A\ = 9.

V2 = (1727 _2) = 2(1707_1)
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Now, v, vy and vg are all of length 3, so an transformation matrix and a corresponding diagonal

matrix are
1 2 1 2 -9 0 O
Q= 3 -2 2 1|, and A= 0 -9 0
-1 -2 2 0 0 27

By the transformation the equation is transferred into
—92% — 9y} + 2727 =9,

thus by reduction
—x% — y% + 32% =1.

3. This describes a rotational hyperboloid of 2 sheets and the Z;-axis as axis of rotation.

The direction of the Z;-axis is given by the vector (2, 1,2).

4. Due to the symmetry of rotation we can choose « as the plane y; = 0. Thus we obtain the curve
—x? 327 =1,

i.e. an hyperbola.
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Example 6.14 A bilinear function g : R? x R3 — R is given by

6 3 4 n
g(x,y)=(z1 2 z3)| 3 6 0 y2 |
4 0 6 Y3

where x = (x1,x2,x3) and y = (y1,Y2,Ys3).

1.
2.

Prove that g is a scalar product in R3.

Leta=(—1,1,1) and b = (1,—2,—1) be given vectors of R3.

Find all vectors of R3, which are orthogonal with respect to the scalar product g on both a and
b.

A map f:R3 — R3 is given by
f(x) =g(x,bla+g(x,a)b.

Prove that f is linear.

4. Find a basis of ker f.

Find the dimension of the range and indicate a basis of the range f(R3).

. The matrix is symmetric of the characteristic polynomial
6—A 3 4
det(A — M) = 3 6-X 0 |=(6-X>=16(6-X)—9(6-2X)
4 0 6— A

= —(A=6){(A=6)2 =52} = —(A—6)(A—1)(A—11).

The three eigenvalues are all positive, Ay = 1, Ao = 6, A3 = 11, thus the matrix is positive
definite, and ¢ is an inner product.

Since
6 3 4 -1 1 6 3 4 1 —4
3 6 0 1 |=1{ 3 and 3 6 0 -2 =1 -9 |,
4 0 6 1 2 4 0 6 -1 —2

it follows from the condition

g(X,a) = g(X, b) =0,

that x in the ordinary system must be perpendicular to both (1,3,2) and (—4, -9, —2), i.e. it is
proportional to

e ey e3
(1,3,2) x (4,9,2) = | 1 3 2 |=(-12,6,—3) = —3(4,-2,1).
4 9 2

The set of all vectors in R3, which are orthogonal to both a and b with respect to the scalar
product g, is given by

{(\4,-2,1) | » € R}.
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3. Now, g is linear in its first “factor”, hence f is linear.

4. Tt is obvious that (4,—2,1) € ker f. If there are other vectors in ker f, they must necessarily be

linear combinations of a and b.

It follows by insertion of

X = Aa+ ub
that
f(Aa+ pub) = Ag(a,b)a + ng(b, b)a + Ag(a,a)b + ug(a, b)b.
Now,
6 3 4 -1 1
gla,a) = (-1,1,1)( 3 6 0 1 =111 3 | =4,
4 0 6 1 2
6 3 4 —1 1
gb,a) = (1,-2,-1)| 3 6 0 1 =@ -21]| 3 |=-7
4 0 6 1 2
6 3 4 1 —4
gb,b) = (1,-2,-1)[ 3 6 0 2 | =@,-2,-1) -9 | =16,
4 0 6 -1 -2

and the equation becomes
fa+pub) = (=7TA+ 16p)a+ (4\ — Tu)b = 0.

Since a and b are linearly independent, the coefficients must be 0, which again implies that
A=pu=0.

We conclude that dimker f = 1 and that {(4, —2,1)} forms a basis.

. The dimension of the range is 3 — 1 = 2. It follows clearly from the structure that the set {a, b}
must be a basis of f(R3).
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ellipsoid, 29, 30, 36, 64

elliptic cylinder, 64

elliptic cylindric surface, 31, 32
elliptic paraboloid, 24, 41, 49

generator, 25
Gram-Schmidt’s method, 44
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42, 47, 64, 66, 67, 69
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rotation, 33
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scalar product, 71
second order cone, 23

trace, 63
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